A Lie subalgebra L of gl K (V ) is said to be finitary if it consists of elements of finite rank. We show that, if L acts irreducibly on V , and if V is infinite-dimensional, then every non-trivial ascendant Lie subalgebra of L acts irreducibly on V too. When Char K = 2, it follows that the locally solvable radical of such L is trivial. In general, locally solvable finitary Lie algebras over fields of characteristic = 2 are hyperabelian.
Introduction
Let V be a vector space over the field K. The endomorphisms of finite rank form an ideal in End K (V ), which becomes a locally finite Lie algebra with respect to the usual Lie bracket [a, b] = ab − ba (see [14, p. 32] ). We shall denote this Lie algebra by fgl K (V ). A Lie algebra L is said to be finitary if there exist a field K and a K-vector space V such that L is isomorphic to a Lie subalgebra of fgl K (V ).
The study of finitary Lie algebras is, in part, motivated by the wealth of results available about finitary linear groups, that is, subgroups of GL K (V ) consisting of elements g such that the endomorphism g − 1 has finite rank (see [12] ). In fact, there is the following relationship between finitary linear groups and finitary Lie algebras. If G is a finitary linear subgroup of GL K (V ), and if KG denotes the associative algebra generated by G inside End K (V ), then the subalgebra
consists of elements of finite rank, so that it becomes a Lie subalgebra of fgl K (V ).
Finitary Lie algebras have recently attracted some interest. In [2] , [3] , [4] simple finitary Lie algebras are investigated. In [13] it is shown that the locally solvable radical of an irreducible Lie subalgebra L of fgl K (V ) is trivial whenever V has infinite K-dimension and L is generated by elements of bounded rank. The purpose of this paper is to study serial Lie subalgebras in finitary Lie algebras without specific restrictions on a set of generators.
FELIX LEINEN AND ORAZIO PUGLISI
(a) Let S be a serial Lie subalgebra of L. Either S is nil, or every S-composition series in V has finite length, bounded by the smallest rank of a non-nilpotent element in S. (b) Every non-trivial ascendant Lie subalgebra of L acts irreducibly on V . (c) Every locally nilpotent serial (resp. ascendant) Lie subalgebra of L is nil (resp. trivial). In particular, the Hirsch-Plotkin radical of L is trivial. (d) If Char K = 2, then every locally solvable serial (resp. ascendant) Lie subalgebra of L is nil (resp. trivial). In particular, the locally solvable radical of L is trivial.
Note that the situation is quite different for finitary linear groups. The infinite iterated restricted wreath product C p wrC p wrC p wr... of cyclic groups C p of prime order p is a locally nilpotent group which can be represented as a totally imprimitive irreducible finitary linear group over any field of characteristic different from p containing a p-th root of unity. In fact, Theorem A shows that infinitedimensional irreducible finitary Lie algebras behave pretty much like non-linear primitive periodic finitary linear groups. There, every non-trivial ascendant subgroup is irreducible [10, Proposition 7.4] . In analogy with the group situation we therefore conjecture that every infinite-dimensional irreducible finitary Lie algebra embeds into the Lie algebra of derivations of a simple finitary Lie algebra (cf. Note that even over algebraically closed fields of positive characteristic, nonabelian nilpotent Lie algebras admit irreducible representations of degree larger than one [16] .
All notions in our paper are standard and can be found in [1] , [5] , [15] .
Proof of Theorem A
A Lie subalgebra S of a Lie algebra L is said to be a subideal in L if there exists a finite series S = S 0 ≤ S 1 ≤ ... ≤ S n = L (where the expression series comprises that each S i is an ideal in S i+1 ). As usual, an L-module V is said to have finite length if it has an L-composition series with finitely many factors. Recall also that the so-called theorem of Jordan and Hölder applies to modules of finite length.
The proof of Theorem A depends on the following key observation.
Proposition 1.
Let L be an irreducible Lie subalgebra of fgl K (V ), and let S be a subideal in L. If the S-module V has finite length greater than one, then V is finite-dimensional, and the S-composition factors in V are mutually isomorphic.
Proof. We may assume without loss that S is an ideal in L. Because V is an S-module of finite length, there exists a minimal S-submodule M in V . Then
However, a has finite rank, and so (M a + M )/M and M are finite-dimensional. It follows that
The theorem of Jordan and Hölder implies that
Since the S-module V has finite length, V = M n for some n.
We now aim to reduce our considerations to Lie algebras over algebraically closed fields. The next result can be proved in precisely the same way as its counterpart for finitary linear groups [6] . Proposition 2. Let L be an irreducible Lie subalgebra of fgl K (V ), and letK be a maximal subfield of the division ring End L (V ).
In particular, the degree of the field extensionK/K is finite and divides the rank of every a ∈ L. (c) Let K denote the algebraic closure of the fieldK, and let V = K ⊗K V . Then L = K ⊗KKL is an irreducible Lie subalgebra of fgl K (V ).
In the sequel we shall use the notation introduced in Proposition 2 without further comment. Suppose now that L is an irreducible Lie subalgebra of fgl K (V ) and that dim K V is infinite. Since every element in L has finite rank, we can choose for every finitely generated Lie subalgebra F of L a finite-dimensionalK-subspace
Proposition 3.
For every finitely generated Lie subalgebra F of L there exist a finitely generated Lie subalgebra F * in L containing F , and aKF * -composition
Proof. Let {v 1 , ..., v n } be aK-basis of V F . Since Proposition 2 implies thatL acts densely onṼ , there exist elements a jk (j, k ∈ {1, ..., n}) in the associative subalgebrã K·id V + i≥1L i of EndK(V ) generated byL+K·id V , such that v i a jk = δ ij v k for all i, j, k. Choose F * ⊆ L such that the elements a jk are contained in the associative subalgebra of EndK(V ) generated byKF * +K · id V . Then
Note that, in the situation of Proposition 3, the F -module V F embeds into the
Using the notation introduced above, we proceed to the proof of Theorem A.
Proof of part (a) of Theorem A. Suppose that S is not nil. Let s ∈ S be a nonnilpotent element of minimal rank d.
form a properly ascending (S ∩ F * )-series in W F . In particular, W F has an (S ∩ F * )-composition series of length ≥ d + 1. Now S ∩ F * is a subideal in F * . From multiplying each term of a series between S ∩ F * and F * withK, we see thatK(S ∩ F * ) is a subideal inKF * . Therefore Proposition 1 yields that allK(S ∩ F * )-composition factors in W F are mutually isomorphic. As aK-linear transformation of V , the element s ∈ S is non-nilpotent of rankd = d/[K : K]. But (V F +N F )/N F ≤ W F , and so anyK(S∩F * )-composition series in W F has length at mostd. In order to derive a contradiction it suffices to show that everyK(S ∩ F * )-composition factor U in W F has length at most n = d/d = [K : K] as an (S ∩ F * )-module. But if U 0 is an irreducible (S ∩ F * )submodule of U , and if {x 1 , ..., x n } is a K-basis ofK, then U = x 1 U 0 + .... + x n U 0 is a direct sum of at most n copies of U 0 .
Proof of part (b) of Theorem A. Let {S α } α≤κ be an ascending series of non-trivial
Lie subalgebras in L with S κ = L, where S α = β<α S β for each limit ordinal α ≤ κ. Choose the smallest α such that V is an irreducible S α -module. Assume that α > 0.
Assume further that α is a limit ordinal. Since S α cannot be nil [13, Lemma 2], there exists β < α such that S β is not nil. Due to part (a), the S γ -module V has finite length d γ for every γ between β and α. Let d = min{d γ | β ≤ γ < α}. We may assume that
Since S γ is an ideal in S γ+1 , a recursive application of the first argument in the proof of Proposition 1 yields that M is S γ -invariant for all γ < α. In particular, M is S α -invariant, and V = M is an irreducible S β -module.
This contradiction to the choice of α shows that α = β + 1 for some β. But then S β is an ideal in the irreducible Lie subalgebra S α of fgl K (V ). Hence S β cannot be nil [13, Lemma 2] . Now part (a) and Proposition 1 imply that V is finite-dimensional, in contradiction to the hypothesis of Theorem A.
Proof of part (c) of Theorem A. Because of parts (a) and (b)
, it suffices to show that a locally nilpotent Lie subalgebra L of fgl K (V ) can only act irreducibly on V when V is finite-dimensional. Now dim K V = [K : K] dimK V = [K : K] dim K V , and [K : K] is finite. We may therefore assume without loss that the field K is algebraically closed.
Assume that V is infinite-dimensional, and that L acts irreducibly on V . Consider a ∈ L, let F = K·a, and choose again V F large enough so that dim K V F exceeds the rank of a. From [5, p. 41, Corollary of Zassenhaus], every element in F * acts like the sum of a scalar and a nilpotent element on W F . By the choice of dim K V F , the element a induces a singular transformation on W F . Thus a acts nilpotently on W F , hence also on V F and on V . This shows that L is nil, in contradiction to [13, Lemma 2] .
Proof of part (d) of Theorem A. As in the proof of part (c), it suffices to show that a locally solvable Lie subalgebra L of fgl K (V ) can only act irreducibly on V when V is finite-dimensional. Again we may assume without loss that the field K is algebraically closed. In the case when Char K = 0, such a Lie algebra L has locally nilpotent derived subalgebra [L, L] (see [5, p. 51 , Corollary 1]), and hence the assertion follows from part (c). It remains to consider the case when Char K = p > 2.
Assume that V is infinite-dimensional, and that L acts irreducibly on V . Since L is not nil [13, Lemma 2], we can choose a non-nilpotent element x ∈ L. Let F = K · x, and choose V F large enough so that dim K V F > 3 · dim K V x. Let bars denote images in F * modulo the kernel of the representation on W F . Replace F and F * by the smallest p-subalgebras of gl K (W F ) containing F resp. F * (see [15, p. 65] ). In this way, F and F * become restricted Lie algebras which are still solvable [15, Proposition 2.1.3], and dim K W F > 3·dim K W F x. Moreover, the representation of F * on W F has character 0 in the sense of [15, p. 210] .
Under the hypothesis that Char K > 2, it now follows from [15, Theorem 5.8.4 ] that there is a p-subalgebra Q in F * and a one-dimensional Q-submodule Ku in W F such that
where u(F * ), resp. u(Q), denotes the restricted universal enveloping algebra of F * resp. Q (see [15, p. 226 , and Sections 5.3 and 2.5]). Let {e n , ..., e 1 } be a K-basis in F * such that {e n , ..., e m+1 } is a K-basis of Q for some m ≥ 1. From [15, Theorem 2.5.1], the restricted universal enveloping algebras u(F * ) and u(Q) have K-bases 
Proof of Theorem B
Let L ≤ fgl K (V ), and consider an L-composition series S in V with factors U λ (λ ∈ Λ). Let ρ λ : L −→ fgl K (U λ ) denote the canonical projection. Then K = λ∈Λ ker ρ λ is the largest nil ideal in L [13, Lemma 2], and Theorem A implies that dim K U λ is finite whenever Sρ λ is non-trivial. Therefore S is the extension of K by a subdirect sum of the finite-dimensional Lie algebras Sρ λ (λ ∈ Λ).
It follows as in the proof of [13, Proposition 7] that every finite subset of K is contained in an ideal in L which annihilates the factors of a finite series in V whose terms occur in S (see also [11, Proof of Theorem B(vi)]). Hence K is the union of an ascending chain of ideals in L with abelian factors. Further S/K is contained in the direct sum of the solvable radicals of those Lρ λ , for which U λ is finite-dimensional, and the intersections of L/K with larger and larger sums of these radicals gives the desired chain in L/K.
